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(a) Yes - let's prove
the contrapositive :

if f not injective ,
then for some

a
,
an D

, a ta and flail = flaz)

Hence g(f(ai) = g(f(az)) · Hence

(gf)(am) = g(f(am) = g(f)(az)
= (gf)(92)

So gf is not injective.
Hence

,
ifgf is injective,



then f is injective.

(b) No : If D + [x] ,

B : EX ,43 ,

and C:Sl]
,

and f and g are given by

X + X
XX

Y AND
Y1-

I

B B B C

thengf takes X toI ,

and hencegf is injective.

But g(x) = g(y) = 1
, sog

is not injective.



(c) Yes : by (a) ,
f is injective.

Hence for each be Imeg(f) there

is a unique at A sit
. flay- b.

Hence (Image(f)) = /B) = IB

Emage(f) < B and Image(f)/ > /B1,

we have Image(f) = B.

#
g were not injective ,

then

for some b, by with b
,by

we would have glb .) = glbal -

Since Image/f): B
,
we have



fla
,
1 - b

,
and flaz) -b

for some 9
, 127A ,

and

a,Far since flail #flaw).

But then

(g f)(a) = g(b ,) = y(bz)= (gf((az)

but afan
,
so gf is not surjective.



138. 9
.

2
.
8

(a) f(b) = 0 and
&

f(c) = [A ,
B

,c]
= P

(b) Since BefIA) ,
BET

Since Cef(C)
,
CAT

We know TFf(A)
,
since Bef(A)

but DET
.
We know TFf(C) since

Cef(c) but CeT
.

(2) How we know f(B) = [B , Ch ,
and

have Bef(B) so BET
.

Since CAT and A
,
BET

,
we have

T = GA , B3 .



(4) 9 .
2

.13

(a) Each of Johnny ,
Moira

,

Alexis

loves themself. David does not love

themself. Hence T = &David).

(b) If David does not love themself,

then Davide T and

EPeople Whom David Loves) = 0.
So David KG People Whom David Loves
but David F

so

T

# People Whom David Loves).



(5) 9
.
4
.
1(a)

if (ii) 112 and itjE2,

then lij), 11
,
11 ;

#light 12 and it j =3 ,

elij)
+ (1

, 2) or 12 , 1)

similarly ,

if Lijhel and itjjk for

some k = 2 ,
3
,

4
.... then

(ij) is one of finitely many

values
, namely

(1
,
(1) or 12 , k2) or --

or (1)



Hence
,

for each k = 2
,
3
,

4
,--

there are only finitely many
(i

, j)e1152 such that it jok.

(And ,
of course each (iij) EN (does satisfy itjok for some :2-

Hence we can write a list of all elements

of 12
, namely

(1 ,
1)
,
(1

, 2) ,
(2 , 1), u ,

37
,
1
,
1,

~ -

i + j = 2
i+j = 3 itj = 4

&

Hence 1152 is in bijection with 111.



(Note : There are many equivalent
ways of writing this ; for example,
one can write 110 x1 as a table

(1
,
1) (12) (1

,3) --

(2
, 11 (2

,
2) (2

,3) ---

(3
,
11 (3

,21 (3
,3) --

i i i

..

Then the solution above is just

like the proof that Q is countable .]


