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.
2

.
43 : To recognize L ,

we

writey in a sequence i, ,
in

,is-

We perform an algorithm in Phases

1
,
2
,3 -- -

In Phase k we simulate both p and

9 on init , ..., in for h steps,

and accept prog if both p and

& accept the same input i among

i
, . , %k .



To show L is undecidable
,
we

reduce the language
L = 491 a accepts at least one inpun)

(Example 4 .32) to Li

given g ,
let p be a Python

program that accepts all its inputs

then running a decider for L

on prog we have prog'L
iff g ·

Hence if Lis

decidable then so is ,
which

is impossible
.

Hence Lis

undecidable.



(3) 9
.
3.

(a) The integer melly car be written

as ,
and hence

with n Is

the meaning of

plusoneplusPos
is

is n

(b) We have "one" means / + 11
.

# kell
, then

meanstwtimes-
timestoe

S



and is a sentence with 2k-1

words.

Hence for all Keto , we can

express 2" in a sentence of

S 2h
+ words

,
if K31 ,

I word
,

if ko.

Any othernelly can be written in

binary as n = 21 + 214
..

+ 2km

where K
,
3 ky ... km30 are

integers. Writing



S
, plus S2 plus--- plus Sm

where
S
: meanstki

and is as above
,

we get

a sentence whose meaning
is n

,

and whose length is

length (s , ) + --- length (Sm) + m-

(Since we havem-1 "pluses) ; since

length(si) :
2k; + 1 if ki

E 1 : 2kit if kitc



we have

length (5 ,
) + ... Length (5)+ length (Sm)

& (2kil) + ...

+ (2kmi)) + (2km)

I we need 2km+l in case km = c)

= 2+ (2k ; )

= 2 + m(2k= 1) (*)

Since K
,>knd--km = 0,

we claim that K, M-1 :

One way to see this is to write



k
,

= | + k24 | + ( + kz) = 2+ky

32+(1 + ky)= 3 + ky

3
...

- m - + km = m -

(since km> 0) ; alternatively you

can show for i : G1
, ....

m- I we have

km
- i
- i

, using induction on

i

.

Plugging K, M-1 we have

<*) equals

2 + m(2k, 1)

= 2 + (k+ )(2k = 1)

11



= 2ki + k
,

+ 1

Hence the size of

S
, plus S2 plus--- plus Sm

is at most

m-1+ size

-m + 1 + 2kY + k
,
+ )

-k + 2ky + k , + )

24(+) (since K :46



Sincen32 we have

k
,
: logah ,

and so

4k ) = 4/logzn) +
so we may take C=

4.

1) ) "Mos one refers to the smallest

positive integer not described by
a sentence of length one. Since

the sentences of length I are :



sentence meaning

one I

two 2

plus meaningless
times 1)

moc 1

"Moo one" means 3.

(d) "moo two" refers to the smallest

positive integer not described by a

sentence of 1 or I words. But

"Moo two" itself has I words,
it is unclear how to assign



it any meaning.

(e) since "one plus one" means I,

and the only non-meaningless (or perhaps

"meaningful") sentences of length

or 2 are :

sentence meaning

one I

two 2

moo one 3

"moo one plus one" refers to 4 ·



(4) 9 .3 . 2 (b)

If Geddy blames themself : then Geddy is not a

person who blames themself
. Hence Geddy is not

blamed by Geddy .
Hence Geddy is not blamed by

themself
,

a contradiction.

If Geddy is not blamed by themelf : then Geddy is a

person who blames themself
. Hence Geddy is

blamed by Geddy .
Hence Geddy is blamed by

themself
,

a contradiction.



5(a) Say that n = Ep+a and m
= Fath

for some a
,
be[0 ,

1
... 6) and integers p , q-

Then

10m + n = 10(7g + b) + 7p + a

= 7(10g + b+ p) + 3b + a

Hence

(10m + n) - (bb + a) is divisible by 7,

So

(10m + n) mod = (3b + a) mod 7.

(b) Let Q = 490 . 90 , 91
, .

- . 95] , where

Go is the initial state (which we reject ,
since EKL)

and far i = G
,

1
,
--

,
6

, 9t means that if w is

the input seen until this point , then wmad 7 : i

(when WFE) (and w

may have leading zeros,

Then



5(90 ,
i) = Gimore (10

.

1
, ...,9)

takes us to the correct state upon reading
the first input symbol , and by part cal,
for = 0

,

1
....,

6 and N = 0
,

1, ..., 9 ,
the

formula

5 192,n) = q
(3a+ n) mod 7

takes an input of the form wr where

w mod 7-a and well , .. 193 and transitions

to the correct value of wo mode
. Hence

Q : 19090 , 9
, ..., 953 ,

I
,
d as above

initial state go ,

and F-490]

is such a DEA (i
.e .

the input is divisible

by 7 iff the input is taken to gol .

() (i) if suffices to make go accepting,



i
. e

.

take F = 590 1 90] ,
since the DFA

is taken to state go by an input if

the input equals G.

(ii) One can "merge" go and go,

that is let Q-59091 .... 963
with go the initial state , an the

only accepting state ,
and to restrict

of as above to states as,
..., 95 ,

i
. e.

5 192,n) = q
(3a+ n) mod 7


