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2 (a) Perhaps the most natural DFA

has 3 states :

-
a

->⑳
~a

which rejects the empty string & in go,
and then transitions to two states

,
a state

go for when the last symbol read is

an a
,
the other for by 96

However
, we don't really need go,



since we can equivalenty start in

9b (which then rejects the empty

string) .

Hence the two-state

DEA Ra

⑭
-b

also recognizes L.

(b) We similarly build a DEA

that remembers the last 2



letters
,

with states

Q : [Gaa
, Gab , 9ba

, 9bb)
where

gxy means that the last

two symbols are Xy.

# the 2nd to last symbol is "a"

then we accept ,
so the accepting

(or "final") states are

F= Sgaasgaby

If we are is state gaa and



we read an "a"
,
then the

new last two symbols are still

an
,
whereas if we read a

"b"

t her the New two last symbols

are ab
.

Hence
we have the

transitions

⑭
doing similarly for the
other by states we get
a partial DFB



⑳
at a 60

⑭Db

How we see that we can take

9by as the initial state
,
because

doing so will reject E ,
a

,
6

and after two steps through
the DFB we get to the state

that appropriately represents



the last two symbols we've seen
.

Hence a 4-state DEA

accepting L is

⑳
at a 60

⑭Db

↑



(3) 6
.
l

.2

(a) Say that

Vn > no
,
arch anti's

and

Unkn ,
are # ameL

then

Vn 3 max(ne
,
no

antmeLE) aveL#) avmc

so

antmcLE antm'

E
ah + m + (m' -m) L

Setting konom , we have

a=LEak(m' -m)-



for all 1 st . n = kmb max (no
,

n),

i . e ., for KG
,
where C = memax(nin)

Hence L is eventually (m-m)-periodic

(b) Say that Lis p'-periodic .

We
may

write p' =

p . r + (pmodp) (where r = (P/p))
i . e.

p' = p . r + T where Oi < P-1 .

Since Lis p'-periodic and p periodic , we have

Lis 11 p-p periodic (if p'-p31) ,

hense

S (2) p-2p... 1. p. -2p31) ,
hence

(3)p-3p)"pp31) ,

hence

!

and (by induction or r(

i

(p-rp) periodic ("p- rp31) .

then Lis i-periodic ,
which is impossible

since lip and p is the periodicity

of L
.



So if
p'modp = i is one of 1

,
2, ..., p

then Lis i-periodic ,
which is impossible

since lip and p is the periodicity

of L
.

(2) If M is a DFA that recognizes L,

and the cycle length of M is p' , then

L must be p'-periodic .

Hence (b) implies

that p' is divisible by p .

(d) Say that the cycle in the

DED has length p' and

p'>p .
Then the DfA



looks like

quise-gna
point

↑ !

: E
*

An Endp

Since Lis p-periodic we have

for some sufficiently large n ,
C

n = n
,

=) (a+ + avi , ))
It follows that if notrp's n



we have

ahotpc(t) quotpch.
= quotp +2)
E group' +P

E ---

# follows that

gro , Enop , quotzp, ..., Ghotp

are either all accepting or all



rejecting.

Similarly for i = 0
,

1, --

., p-

Eroti
, Enotitp . Enorixip, ..., Enotipp

are either all accepting or all

rejecting. Hence
we can replace

isTe+ 9
-> Eno3

↑ !

: E
*

An Endp



with the shorter cyclic part

ise- n
-> Eno

yy
eliminating quorp, -- - Group's
So if p'sp ,

this
givesis a

DFD with fewer states
.



6
.

1
.2(e) By Theorem 1 .

4
,

there exists < D &A with

rotp states . By part (d)

the smallest DFA recognizing
↓ has sycle p ,

and some

path length n
,
and has nap states

Ern
7

90
+

9 .
7

...

+ 9n &

↑
&

Grips

if n'E No-1
,

then running



the DFA or alo lands in

the cycle of the DFD ,
and so

ave() quipcL.

But in this case
,
not only does

ancLE antPcL

hold for all n3 no
,

but it also

holds for all n? Not

Hence no is not the smallest

integer for which (1) holds.



(4) G
.
1

.3 : (a)

SinceL is finite
,

we have

auth forn sufficiently large,
and so arch arch

forn sufficiently large (i .e
.
both

avav+ L) ·
Hence I has

eventual period I.

(b) We have av for > MH
,

sarch) arch for >mi



Since ameh and amatch

we do not
have

aveL)a**

far n.m .

Hence the smallest

no satisfying equation (1) of

the handout is no-m+ 1.

Hence by Exercise 6 . 1
.

2
,
the

DFD with the fewest states

accepting I has notp :

(m +1) + 1 = m+2 states.



S(a)am = (aS)(a7)
a2 = (95) (a7)

:

a2 = (as)' (az)

a
27

= (a5)"(a7)"

a28 = (as)
%

(a7)

(b) for n 29 there is a

Kelly such that

n - Sk : (24 ,
25

, . . . ,28]



hence

an = (as)" an
where nic <24, . . . ,

28].

Hence
,
since ataquals a power

of as times a power of at,
the same is true for at

14 Say that 92 (5)
< (97)Y

Then Sxx7y : 23. Then

and X
,ye 70 : 40 , 72,3, ...3. .

Then

(5x +7 y) mod7 = 23 mod 7



So

5(xm7) = 2
.

But 0
,
5

,

10
,
15

,

20
,
25 mod 7

equal 0, 5 ,
3

,
1

,

6
,

4.

Hence 5(xmod7) = 2

implies that (X mod 7) 36

so X = 6 so Sxx7y > 30
and hence Sx +7y can't
equal 23.



(d) Since auch for n6. 24,

we have

ave(que)for n224

so I has eventual periodI .

les We have a<L and

atL have

ave(que)

is true for n > 24 but not 23.

Hence no in Exercise 6
.

1
.2

is 24
,
and p-1

,
so the



smallest number of states in

a DFD
recognizing Lis

n+ p = 24 + ) = 25 .

[Note : By Exercise 6
.

1
.
3

o the handout Gab* L

is a finite language whose

longest string isG
23

·
Hence

the fewest states in a DFA

recognizing(ay L is 23x2 : 25
.



Since the fewest states in a

DFA for L is the some as

for <a** L (by reversing

accepting and rejecting states),

the fewest states in a DEA

recognizing is 25.

This
gives another proof of

the main result of this

exercise.]


