
Homework 7 SolutionsCDSC421/501 2024

(1) Joel Friedman

(2) Since Lis regular ,
it has an eventual

period Dell , and is recognized by a

DFA Enot

-
-

So if his no and ahie L we

have that

quicL() avitch

and hence ahitpeL and so Kind Nitp .

Since n< 12 < Nz ..., there are only

finitely many I such that Mi <no·

Letting I' be the largest integer



such that Up .
< No

,
it follows

that

is i => NitMitpo

Setting

p' = max (n2-Nic Man , ...,MiMi),

it follows that (p' is finite
,

i
.e. p')

and for any is

Min ni + max (P . p) .



(3) (a) Say that

n = 3 ,
nat

, ng9 , N , ---

Then 34126 so ne- either 4 or S

and Jany19 so my either 7 or 8

:

and
,
for
any jell

↑
zj

+ either jt or Ejtz .

To each SC111
,

we can therefore satisfy
the above

, taking
3jt1 if jtS

N2 S Bit2 if its

This gives a map

f : Power (11) -> & sequences non ...>



which is injective (since if S
,
S'Power (1)

and SFS'
,
then for somej either

jeS and jeS' or vice versa ,
and so hzj

meaning Mzjls) and Mejls') are different)

Hencef is injective .
Since Power (111)

is uncountable
,

so is the image of f.

Sincehzj
= Bijth , 3j+2 and Naj3

and Nzj
- 3j + 3

, we have

Vic Mix-Ni
= 1 or 2.

(There are many other injections

f : Power (11) -> & sequences non ...>

that one can give ,
such as



f(s) = G2i/ies] + 413 ,57 ,
... 3 .]

(b) We claim that the set of regular languages
is countably infinite here is a proof

Each DFD for a language over

& as is characterized by ingTo and

& 11) and the subset FCQ : 19019 .... quotpol]
of accepting states. Since the names of

the states of Q are unimportant ,
for each

p ,
no there are finitely many regular

languages ,
L

, recognized by a language with

peno states .

So we may list all languages
In phases , namely Phase I

,
Phase2

, -..

where Phasek ,
for kil

,
z

,...,
is the



set of languages with penoly (for

each k
, penock implies that not 0.1 , ... ,1

and p-k-no ,
so there are finitely many

pairs (morp) with Not o , pe ,
and

notp-k) .
Hence Phasek lists only finitely

many regular languages ,
and each regular

language appears in at least one of Phasek

for some ke . Pence the set of regular

languages is countably infinite .

Since there are countably many regular

languages and uncountably many languages
of the form Lama, ... ,

some language
o the form Ln

,
ma
, ...

is uncountable
.



[One can alternative describe such an L,

somewhat explicitly , by forming a list

(mopo)
,
Im

,Pil ,ma
,Pul , --

such that each pair (m ,
pl-[

,

* 110
appears

as (mi
,
Pil with is nap

(youar simply list all such pairs in

and repeat some pairs if need be ;

here you don't actually need repition).

Then set aich iff airmich

It follows that L is not recognized by
a DFD with path length mi and

cycle length p :.J



(4) For m? I we have that whether or

not ameh depends only on m mod 12,

since the same is true for both

gar Inely and for Gatinely.

Specifically :

mr1 = and iff

m mod 12 = 0
,

3
,
4

,
6

,
8

,
9

So L is 12-eventually periodic .

Hence

the eventual period , p s
of L divides 12

.

If ps12 , then must be a disisor of

12, p
= 1 ,

2
,
3

,
4

,
6.

L cannot be eventually 6 periodic



we have for all Kell

alh
+ 4 ch but alzku +64

↳not beeventu 4-period
:. .

(12k + 6) +4thgl2k+ed but a

Hence Pt 1
,
2

,
3

,
6

,
since (isn't

eventually 8 periodic ,
and p+4

since (isn't eventuallyI periodic .

Hence p = 12
,

i . e
.

12 is the

eventual period of L .



(5)
Accfuty(s) = (a3)

(a) = Gaz]

"(92) : has

"(a3) = 45]

"(aw) = 0 for n >4
·

Hence the smallest DEA for L has

states

-D

y ↑condence Actuary passes
Accfut : (a3) Accfut-hay Accfut = 0

(
Also a state is an accepting/final state

]if & lies in Accuty ,
so g istheonlalate


