
Homework 9
,
Solutions CPSCH21/SA 2024

(1) Joel Friedman

(2) If f(x) :TE) : /T,f ,T) or

(F,
(

, T)

(a) then f is expressed by the formula

(X ,
+T and X2f and XT)

or (X ,
=f and XI- and X3 : f)

iie

(x ,
12x - xs)v(2x ,

1-xy1 -xz)

(b) -f is obtained by exchanging with
~ and negating all literals in

hence

(2X
,
vXyv -Xy(1)X , VXz(Xs)



13) Note that X
,VXaX3 holds whenever

X XzXz = T and Xy , ....Xn are any values

in <F .Th , giving 213 possible values of

where X
,VXVXs

= J
. Similarly for

Yi VY ; VYk where yi-Xior-X ;

Yj = Xjor -X;

Y1 : X or TXK

and jik are distinct. If a 347

clause contains a literal and its negation,

· e .g .

(X
,
vX

, rXz) then it is always

true . Otherwise we have a literal

repeated twice (e . g . X
,
vX

,
rX2)

or three times (e . g . -X
,

v + X
,
-uX)



in which case this is false for grB or

2"values of YeLfiTY" : Hence

any 3Cf formula represents a function

f :G%Th Gf i
Th that is either

11) never false
,

or

(2) false for at least [43 values

in [fTi

Hence f(xy
,..,Xy) = X , XzvXzvXy,

which is false on only / value

land 1 <2 = 2) cannot be expressed

as a 3Cf



(4) Say that arai.. van =T
.

Then at least one of a
, , ..., an

: T
.

If a:+ T and 1: 1
,
2

, we can set

IE ,
:72-... " Znoy-f to make

avazuz = T,
and all other clauses

are true since they contain one of

-7
,,2 , ....Eney all of which are

T

.

S Similarly if it n-1 ,

n
, setting

7
,
5725 ... : Zn-T

.

# 31in-2
,
the clause

& Zi aivzi = T

if Zi . 2: T and Ziff
,
and so

taking 7 ,22:.... Ziz =T and



I Zi -1 ...: Enez =f makes all the

other clauses contain at least one

T

.

Hence

avai.. van =T = U(ZnEns) is

satisfiable

How say that

avay-- . van T .

Then a
,
+... -an-F

,

and

4(z
,,...,7 n -z)

- (freuz ,)(z ,
ufuzz)1 ....e (47nFf

which is equivalent to

z
,
1( +z

,
vz2]1 ... n(tzn-yEng)un)

We claim that is alwaysJ ,
for if not,

then E ,T
,
and then 77 ,127 : T



So Zest
,
and similarly Zg .... ZnzT.

But the last clause is 7En-z ,
which

is false . Hence &SAT
.
Hence

avan-vanit YeSAT
,

and

a vaer ..
van - = USAT

.

Hence

aray .. van =T YeSAT
·



(5)

Given a 3CHF in variables X
-, --

,
Xi
,

for each variable introduce vertices and

edges

-944
Vz

Ov
Lo
~
·

N! !

& xi

Hence if u has the colour red (say the



colours are R = red
, Go green ,

B = blue) then

each variable must be coloured G
,
B or B

,
G :

o
How we view the top X

,
vertex as

representing T (true)
,

the bottom as
-> (falsel.

for each clause C....m of the 3Cf
,

we add the following : for a clause

X
+

or Xj om Xi
,

we add :

this can be blue

Y iff one of the topD
is blue

Xi or top X
; vertices

Since



⑧o

·
_0 implies

↑
one is blue,

one red

implies
but, similarly

implies this
·O I must be blue

,

170
⑧C

and can brun

·



To enforce that is blue or green ,
we

o-0
↓ can add an edge

to "red"

*
-

enforce
&-o gre able

② We now add a similar "OM" gadjet

between "Xiom X; and "X



this can be blue if

Xi or X
; ar X

i
is blue

VzA- O
I

a

⑧ Y

⑱b
Vertex

↳
IDL

now we add an edge
to insist

hence the rightmost vertex must be blue ,
ie-

the colour atU2 on the left
.

We do the

same for every other clause ,
but connecting

To the bottom vertex of X; if 24 ; appears ,

and similarly for Xj ,
+X
; and Xia s7X1.

Hence we can satisfy the 3CH- iff



each clause vertex is colorable (with

the color at V2 ,
here shown in blue) .

Hence the 3CHF in question is

satisfiable iff this graph can be

3-coloured
.


