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1 Problem

A very long, straight conductor with a circular cross section
of radius R carries a current I. Inside the conductor, there
is a cylindrical hole of radius a whose axis is parallel to the
axis of the conductor a distance b from it (figure above).
Let the z axis be the axis of the conductor, and let the
axis of the hole be at x = b.

Show that the magnetic field inside the hole is uniform,
and find its magnitude and direction.
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2 Solution

First, let's calculate the current density J in the wire, given
by the total current divided by the total cross-sectional
area:

I I
J:Z: m(R? — a?) ()

Now the trick to solving the problem is to treat the
wire with the hole as the superposition of two wires, a
big one with current density J going into the page and a
small one with current density J coming out of the page
(representing the hole). Then, when we superpose these
the current densities cancel out in the hole (J + —J = 0)
and we get the original wire.



Now we consider an arbitrary point (z,y) (measured
from the center of the big wire) inside the hole. The dis-
tance from the axes of the big and small wires are r;, and
s, respectively.



Now we use Ampere's law to calculate the magnetic
field due to the big wire and the small wire.

2.1 Big wire

The natural Amperian loop is a coaxial circle:



The loop encloses a current (into the page)

I, = WTZJ (2)
so Ampere's law reduces to
211y By = polene = w1y J (3)
which gives a magnetic field strength due to the big wire
1
Bb = §,LL0J7”b. (4)

But we need to find the magnetic field vector so we
have to figure out the direction By is pointing. [I'll just
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write down the answer and let you puzzle over it for yourself
but the basic idea is that 1, and B; form similar triangles
except for a rotation. So the unit vector By is

A . I,
B, = ~i— =, (5)
T'p T'p

So the magnetic field due to the big wire is

1 y. .
B, — - LA Pt
b 2qu7"b [rbl TbJ] (6)
1 i i
= §qu [yi — xj] . (7)

2.2 Small wire

Again, we use a circle for our Amperian loop:



The loop encloses a current (out of the page)

Lpe = mr2J (8)
so Ampere's law reduces to
2175 By = polone = wr2J (9)
which gives a magnetic field strength due to the small wire
1
B; = §,u0J7"3. (10)

We calculate the direction the same way we did before
except the current is out of the page so (from the Right-
hand rule) the magnetic field is counter-clockwise:

~ . x—0b,
B, =-Ji+ 27 (11)
re T
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So the magnetic field due to the small wire is

1 y. x—D>,
B, = —poJrs | —2 12
s = ShoJT [ it — J] (12)
1 . .
= §H0J[—yl+(l’— b)j] - (13)

2.3 Net magnetic field

The total magnetic field at (z,y) is given by the (vector)
sum of the two contributions

B = B, + B, (14)
1 . . . :
— 5#0(] lyi—zj — yi+ (x — b)j] (15)
1 .
ILL()]b .
_ 17
(R —a?)) (17)

which is uniform over the entire hole! Surprising, huh? It
points straight down and has the same magnitude every-
where in the hole.



